USING VECTORS IN MECHANICS

Relative position and relative velocity, acceleration

Position as a vector

We use the notation  rA  for the position vector of particle A.

We also tend to use s for the displacement of a particle.

So the relative position of particle A relative to B is given by   rA   - rB  

Example 1

The position vector of ship A is 30 km North and 60 km east

The position vector of buoy B is 20 km North and 45 km east

Then the position of the ship relative to the buoy is 



rA   - rB  
=    (30i + 60j) – (20i + 45j)   
=   10i + 15j
and the distance from the ship to the buoy is



|  rA   - rB  |
=      √(102 + 152)   
=   √ 325    =   5√13

Velocity as a vector

We use the notation  vA  for the velocity vector of particle A.

We assume that velocities are constant and can be represented as straight-line segments (vectors)

So the relative velocity of particle A relative to B is given by vA   - vB  

We also have 
velocity = change in position / time
 i.e. 
v  = 
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Example 2
A particle P is at the origin at time t = 0. The particle moves with constant velocity and passes through the point with position vector (6i + 8j) m at time t = 2, where I and j. 

Find the velocity of P.

Velocity of P
=     displacement / time 
=      (6i + 8j) / 2 

=      (3i + 4j)  ms-1
 

Acceleration as a vector

We know that
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a  = 
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Example 3

A particle P has velocity (3i + 2j) ms-1 when t = 0 and 
velocity (7i + 4j) ms-1 at time t = 2. 

The acceleration of P is constant, what is it?

Change in velocity
  = (7i + 4j) - (3i + 2j) 
=    (4i + 2j) ms-1
So acceleration of P  =         (4i + 2j) / 2        =     (2i +  j) ms-2
Example 4

A particle P is moving with constant velocity (12i + 5j) ms-1 

It passes through the point A whose position vector is (4i + 5j) m  at  t = 0

Find:

a) The speed of the particle

b) The distance of P from O when t = 3 sec

a) speed is the magnitude 
of the velocity vector 

=  √ (122 + 52)  =  13 ms-1
b) suppose that at t = 3 sec the particle is at point B




Displacement = velocity ( time =   (12i + 5j) ( 3 = (36i + 15j) m
So the position vector of B is    (40i + 20j) m

So the distance of b from O is    √ (402 + 202)   =  44.7 m
Example 5

At noon a lighthouse keeper observes two ships A and B with position vectors (-4i + 3j) km  and  (4i + 9j) km respectively, the ships were moving with constant velocities  (4i + 17j) kmh-1  and (-12i + 5j) kmh-1  respectively.
a) Find the position vector of A and B at time t hours after noon

b) Show that A and B will collide, and find the time when this will occur and the position vector of the point of collision.

In order to prevent collision, at 12:15 ship A increases its speed and changes its velocity to (16i + 17j) ms-1  
c) Find the distance between A and b at 12:30 now

a)
   rA 
=  initial position + displacement



=  (-4i + 3j)  +  t (4i + 17j) 

   
   rB 
=  (4i + 9j)  +  t (-12i + 5j)
b)
Ships collide if they occupy the same position i.e. 


   



rA   
=   rB 

       (-4i + 3j)  +  t (4i + 17j)  
=   (4i + 9j)  +  t (-12i + 5j)

Equating the i and j coefficients gives

For i

-4 + 4t = 4 –12t
→
t = ½
For j

3 + 17t = 9 + 5t
→
t = ½
Both give the same time so the ships will collide at 12:30

   rA
= (-4i + 3j)  +  ½ (4i + 17j)



   rB 
=  (4i + 9j)  +  ½  (-12i + 5j)

Both position vectors are –2i + 11½ j
c)
at 12:30


       new rA
=  (-4i + 3j)  +  ¼ (4i + 17j) + ¼ (16i + 17j)    
=      i  + 11½ j
   
   

rB 
=  (4i + 9j)  +  ½ (-12i + 5j)     




=
-2i  + 11½ j 

so





rA   - rB  
=    3i 

The distance between a and B at 12:30 is 3 km
Example 6

A cruiser C is sailing due east at a constant speed of 20 kmh-1   and a destroyer D is sailing due North at a constant speed of 10 kmh-1. At noon C and D have position vectors –5i km and –20j km respectively. 

a) Show that at time t hours after noon the position vector of C relative to D is given by 




[(20t – 5)i + (20 – 10t)j] km

b)
Show that the distance d km between the vessels, at this time, is given by





d2 = 25 [20t2 – 24t + 17]

c) Hence show that C and D are closest together at 12:36 pm and find    

the distance between them at this time

The radar on the cruiser C detects vessels only up to a distance of 15 km

d) Determine whether or not the destroyer will be detected by the Cruiser’s radar.

a) 




   rC
=      -5i +  t (20i)
=
 (-5 + 20t) i


   rB 
=    -20j  + t (10j)
=
(-20 + 10t) j


       rC  - rB 
 =    (-5 + 20t) i  -  (-20 + 10t) j





=     (-5 + 20t) i  +  (20  - 10t) j
b) The distance between the two vessels is |  rC   - rD  | km

So 
   d2 
=   (-5 + 20t)2  +  (20  - 10t)2




=   52 (4t – 1)2  +  52 (4 – 2t)2



=  25 ( 16t2 – 8t + 1) + 25 (16 – 16t + 4t2)



   d2 
=  25 [20t2 – 24t + 17]

c)


We want to find the minimum value of   d2 



Differentiate to get        25 ( 40 t  - 24)

This equals zero when  t = 24/40 = 0.6  =  36 mins

QED

Check this is a minimum:

the second derivative is 40 which is > 0 hence a minimum

(Alternative method: rearrange to completed square form and find the min 
   point on the graph of   d2  against time )

If  t = 0.6 then             d2 
 =   25 ( 20 (0.6)2 – 24(0.6) + 17)
=    245 





  So 
    d   =   15.65  km
d)
As the minimum distance between the vessels is 15 km, the destroyer will not be detected.
More Examples in:

Solomon M1 pages 17 - 22
Saddler Understanding mechanics pages 23
B (40, 20)





A (4, 5)
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